to which may be found exactly [8] .
The results from these separate Riemann problems may then be averaged so as to advance the flow solution through some time increment.
Because it mimics much of the relevant physics, Godunov's scheme results in an accurate and well-behaved treatment of shock waves.
Although it provides the bedrock upon which most modern schemes are built, in its original form Godunov's method is of limited use. Firstly, the scheme proves to be highly dissipative and so it requires an inordinately fine mesh to resolve complex shock-on-shock interactions. Secondly, since a Riemann problem has no closed form solution and can only be solved by some iterative method, Godunov's scheme is significantly more expensive than schemes which employ ordinary finite-difference operators.
One of the first people to address this second shortcoming was Roe [19] . Figure 1 ; the strength of the diffracting shock is sufficient to cause a negative pressure to be computed near the apex of the corner. Roe's scheme may be made "positively conservative"by modifying its wave speeds, in essence, the scheme is made more dissipative by increasing the spread in velocity between the two acoustic waves [5] .
Slowly Moving Shocks
Sinceshockcapturingschemes do not resolvethe internal structure of a shockwave, nophysicalsignificance canbeattachedto the discreteshockstructureproducedby a numericalscheme; methodsarebuilt upon the premisethat shockprofilesare monotone, the precisestructure comesabout asa matter of courseandis not preordained. Unfortunately, Robertshas shownthat the nature of the shockstructure produced by a particular scheme can havea largebearingon howwell the schemecopeswith slowly moving shockwaves [21] . Godunov-typemethodsfare quite badly in this respect,as the shockmovesrelative to the mesh,the shockprofile flexes,perturbing the supposedlypassivecharacteristicfieldsas it doesso. Figure 2 showsa snapshotof the shock profile producedby Einfeldt's HLLE scheme [4] , taken from the simulationof a shockwavewhich is moving slowly from left to right; the pre-shockstate, (density,velocity, pressure),is (1,-3.44, 1), and the post-shockstate is (3.86,-0.81, 10.33).Note that for a Courant numberof one, it takes 50 time stepsfor this shockto traverseonemeshcell. The low frequency perturbations observedin this figure are producedto a greateror lesserextent by any schemewhich attempts to "recognize"ashockwave. For fast moving shocks, the post-shocknoisewill be of a muchshorterwavelengththan is the casehere,and will be effectivelydampedby the dissipationof the scheme.Robertsreports that Osher'sscheme[13] doesnot producelow frequencynoisefor slowly moving shocks, sinceit neverconnectstwo adjacentstatesby a shock,and he concludesthat there may be advantages to usingflux formulasthat do not recognizethe analytic shock jump conditions.
Another situation, wherethe perturbation of a shockfrom its preferredprofile resultsin perturbationson the passivecharacteristicfields,occurswhenevera shock crosses a discontinuityin meshspacing [17] .But, in this case,sizeableperturbations may occur whateverthe speedof the shock. 
Mesh Cell
Figure 2: Low frequency, post-shock oscillations occur for slowly moving shock waves.
The Carbuncle Phenomenon
Several authorshaveby nowreporteda failingof Roe'sscheme whichhasbeendubbed the "carbunclephenomenon"[16, 12, 11]. For steady-state, blunt-body calculations, Roe'sschemesometimesadmits a spurioussolution in which a protuberancegrows aheadof the bow shock, along the stagnationline. It appearsthat this effect is more pronouncedthe more closelythe grid is aligned to the bow shock. Also, a carbuncleis more likely to appearfor high Mach number flows than for low Mach numberflows. Figure 3 showssucha spurioussolution, herethe freestreamMach numberwas taken to be 10. Note that alongthe stagnationline, the bow shockis almost perfectly alignedwith the grid. Consequently, parallel to the shock,Roe's schemewill not add any dissipationvia the contact and shearwaves,to counteract perturbationsthat appearthrough the acousticwaves; this appearsto be a recurring themewhenever Roe'smethodfails. It is interestingto note that if Harten'sentropy fix[28]is appliedto the contact and shear waves, any shortcoming of Roe's scheme is invariably cured. However, there is no justification, either physical or mathematical, for applying this fix to these waves, it is just a convenient method for introducing an amount of artificial dissipation into the scheme.
Kinked Mach Stems
During the course of developing a mesh adaption scheme, we encountered a failing of Roe's scheme which is not dissimilar to the "carbuncle phenomenon" [17] . 
Odd-Even Decoupling
By far the most insidious failing that we have comeacrosshas, we believe,gone unreportedin l_heliterature. During the courseof producing very high resolution simulations,wehavenoticeda tendencyfor odd-evendecouplingto occur alongthe lengthof planarshockswhicharealignedwith the mesh,for an exampleseeFigure11.
Of the Riemannsolversthat we haveat our disposal,this failing afflicts: an exact solver[24], Roe'ssolverand Toro'slinearizedsolver [23] .We emphasize the fact that this phenomenaonly becomesapparentfor very high resolutionsimulationswhich suffersomesystematicpertubation. However,as will be shown below,the required perturbation can arisequite innocuously,so we suspectthat this failing will prove fairly widespreadoncevery high resolutionsimulationsbecomecommonplace due to increases in computerpower.
Nowsinceweobtain our high grid resolutionby meansof a fairly complexmesh adaptionscheme [17] , it seemed reasonable to supposethat this odd-evendecoupling was attributable to somecoding error, but an exhaustivesearchfor suchan error provedfruitless. Subsequently, we havemanagedto reproducethis failing in a more controlledmanner,ashasa colleague usingan independent code[10], so wehavelittle doubt that this tendencyfor odd-evendecouplingto occur, constitutesa genuine failing, rather than being the manifestationof somedeficiencyof our code. That said, our adaptivemeshschemeclearly exasperates this failing. In the next section we shall presenta possiblediagnosisof the mechanismwhich causesthis modeof failure, herewe merelypresentthe evidencethat it exists.
Figure5 showsseveral snapshotsof the densitycontoursfrom the simulationof a plane shock wave, Ms = 6 with 7 = 1. Figure 6 shows a series of slices across the duct, for both the density and pressure fields, as one moves from the head to the foot of the shock. Interestingly, within the shockthe decouplingof tile pressure field is out of phasewith the decoupling of the density' field. AS the shockcontinuesto propagatedown the duct, so the decouplingbecomes progressively worseuntil the shockbreaksdown completely.
However, at no stage in the calculation does tile code blow up in the sense that it generates a floating point exception; it simply goes astray.
Figure 5: Odd-even decoupling occurs for a shock propagating down a duct. 
where 7 is the ratio of specific heats. We assume that the computational mesh is uniform, with mesh spacing Ay, and that the discrete solution at time t '_ is given by
if j is even, and __y, n _f_ _ _ 0,
if j is odd. Here _'_ and _ are the amplitudes of the sawtooth profiles for the density and the pressure fields. We shall consider two schemes which may be expressed in the form w;+' =w; ( -
where W is the conserved variable vector (p, pu, pv, E) t, and G_+} is a first-order flux function computed from the states W_ ' and Wj'_+,.
Roe's scheme
Using Roe'sscheme [19] , the interfaceflux for the systemof equations(1) may be written
where the wave speeds {A(k)}, wave strengths {a(k)}, and eigenvectors {e (k)} aregiven by Therefore,
Also, G2_a = Gj_+_, so the evolution scheme (3) may be written
w;_+_= wj + _ _ %+_ ,,j+__j+½, which can simplified to
Where, From which it can be seen that the initial perturbation to the pressure field is damped, provided that the CFL condition is met, that is vy_< 1.
However, the form of the evolution for the density perturbation exposes a flaw in Roe's scheme; the density perturbation is fed directly from the pressure perturbation.
Making the loose approximation that _ remains constant, for a one-off disturbance (_o,_o)
Thus, prove it, we suspectthat a strong shock wavemoving normal to the y direction provides this systematic perturbation.
Firstly, it is interesting to note that the failing reported in Section 2.6 is only observed for strong shocks. For a strong shock wave, it seems reasonable to suppose that la_l is more likely to be larger than 1/5°1, than would be the case for weak shocks.
So, even if f_0 and/_0 are initially of the same sign, they need not remain so, see (5) .
Now consider frame (b) of Figure  5 and the associated profiles shown in Figure 6 , within the shock the odd-even decoupling of the pressure and density fields are indeed out of phase with one another, which is consistent with the observations made above.
Such behaviour will cause the local sound speed to vary along the length of the shock, its profile will exhibit a sawtooth perturbation which is in phase with that of the pressure field. Consequently, the individual segments of the shock will be moving alternately faster and slower than the nominal shock speed. Such movements will exaggerate the sawtooth perturbation to the pressure field along the length of the shock, but diminish that for the density field. The increased pressure perturbations will then promote an increase in the density perturbations as detailed above, and so the whole process repeats itself.
Since there are two competing processes that affect the density perturbations, namely, the relative movements of the shock and the decoupling along the length of the shock, we cannot categorically state that Roe's method is bound to break down.
However, the weight of numerical evidence suggests, that at least for strong shocks Roe's scheme will break down in the manner described here. Given our arguments, it should come as no surprise that Godunov's method also exhibits a tendency to allow odd-even decoupling to occur along the length of a strong shock wave. Since it is the sweep parallel to the shock that primarily causes the instability, the differences between using an exact Riemann solver and Roe's linearized solver for data that is nominally uniform should have little bearing on the growth of the instability.
Finally, before moving on, it should be noted that none of the popular entropy fixes which are applied to Roe's scheme cure this particular failing, excepting the case where Harten's fix is applied to the shear and contact waves2; simply altering the acoustic wave speeds can have no affect, because of the symmetry of the data, both waves will be changed by the same amount, and so the problem will persist. Also, moving to a high-order version of Roe's scheme will not improve matters, because the odd-even decoupling will cause a high-order flux function to drop to the first-order function.
2To reiterate the comment made in Section 2.4, applying Harten's entropy fix to the linearly degenerate wave fields has no mathematical or physical justification, it is merely a convenient way in which to add an amount of artificial dissipation.
Einfeldt's HLLE scheme
For Einfeldt's HLLE scheme [4] , the interfaceflux function is given by .,j_½, vj -aj),
Now for our and where, (-) _b(+)
0-7
Using these signal weightings, it may be found that
From which it can be seen that both the density and pressure perturbations are damped, provided that the CFL condition is satisfied. Just as important, however, is the fact that the pressure perturbation does not feed into the density perturbation, so we would not expect the HLLE solver to exhibit the odd-even decoupling that afflicts both Roe's scheme and Godunov's scheme; numerical experimentation confirms this expectation.
It is our contention that any scheme for which it can be shown that the perturbation to the pressure field feeds the perturbation to the density field, will be afflicted by the odd-even decoupling shown in Figure 5 . A simple test that identifies those cell interfaces which are in the vicinity of a strong shock is to check whether or not
where c_ is some threshold parameter which is problem dependent and p_ and pl refer to the pressures which act on the interface. If this condition is met, the two cells separated by the interface are flagged as lying within a strong shock. So, when it comes to computing cell-interface fluxes, if the cells either side of an interface are both flagged as lying within a strong shock, the flux is computed using the HLLE solver. Note that since numerical shocks are invariably smeared over several mesh cells, it is worth locating shocks using a projection of the flow solution on a grid which is coarser than that used for the calculation.
On such a grid a shock will appear much 17-lesssmeared, and so the left-hand sideof the aboveswitchingfunction will be a fair indication of its strength. Oncea setof cellshavebeenflaggedoll this coarse mesh, the flags may be prolongated to the actual computational mesh so as to find those cells which lie in the vicinity of a shock wave. Figure  7 shows how the HLLE solver may be used to correct the tendency of Roe's scheme to produce kinked Mach stems, c.f. Figure  4 . For this calculation the HLLE switching function was tuned such that it would only be activated by the incident shock, and the principal Mach stem; a was simply set to half the strength of the incident shock. Note that apart from the region near the Mach stem, these new results are very similar to the old ones. This shows that the HLLE scheme has had no adverse affect on the the resolution of Roe's scheme. Similarly, Figure 9 shows how the carbuncle phenomena may be circumvented, c.f. Figure 3 . Here we have restricted the HLLE solver to cells near the stagnation line in order to demonstrate how localized the failing of Roe's scheme really is. In practice, however, we would advocate using the HLLE scheme along the whole length of the bow shock, so as to maximize robustness without compromising resolution. Again, a sensible value of a can be found a priori by using some large fraction of the shock strength along the stagnation line which 18-canbe estimated,giventhe freestreamMachnumber,by assumingtile flow is locally one-dimensional. As shownin Figure 8 , the HLLE soh'ermay alsobe usedto good effectto preventGodunov'sscheme from admitting expansionshocks,c.f. Figure 1 . Herewe haveemployedthe HLLE soh'eralongthe sonicline, and in regionswhere the expansionwavesarestrong.
Having presentedthe gist of our strategy,we seelittle point in trying to sell a particular combinationof solvers. Starting with somehigh resolution Riemann solver,whosechoicewill inevitably be a matter of personaltaste, the correct combination of solverswill dependboth on that schemes weaknesses andon the specific application in hand. In turn, the combinationof Riemannsolverswill dictate the choiceof switching functions. Therefore,we shall resist tile temptation to recommenda specificcourseof action,instead,we presenttwo simulationsthat showhow an adaptiveRiemannsolvermight be usedto good effect. Briefly, both simulations weredoneusingthe two-dimensional analogue of the one-dimensional Eulerequations given in Section3. Theseequationswereintegratedusingthe two stepfinite-volume scheme whichis attributable to Hancock [25] . This scheme employsvan Leer'sMUSCL approach[26] to achievea second-order extensionto Godunov'smethod,hencedifferent Riemannsolversmay be slotteddirectly into the schemesoasto vary the flavour of the upwinding. Although the calculationswereperformedusing an adaptivemesh algorithm [17, 18] ,the meshrefinementmonitor function wassuchthat the calculations employeda nominally uniform cartesianmesh.
Our first exampleconcernsthe simulation of a strong shock wave diffracting around a 90°corner, the shock Math number and the ratio of specific heats are 5.09 and 1.4 respectively.
We have computed this test problem using a combination of three different Riemann solvers; Toro's linearized Riemann solver was used to perform the MUSCL reconstruction step of Hancock's scheme as described by Quirk[18] , and the upwinding step was performed by adaptively selecting between Roe's solver and the HLLE solver. Tile parameter a used by the switching function (6) was set to 1 so as to limit the HLLE solver to the incident and diffracted shock fronts, and to a small region near the apex of the corner. Figure 10 shows a Schlieren-type snapshot taken from this simulation, the different shades of grey depict the magnitude of the gradient of the density field, the darker the shade the larger the magnitude; details of this shading procedure are given in Appendix A. Here, it is not our intention to assess the accuracy of these results, the interested reader may do this using the experimental results of Bazhenova et al. [1] , and the computational results of Hillier [7] . Instead, we
19-wish to illustrate the fact that certain Riemann-solver failings, if left unaddressed, canplacean upper limit on tile resolutionof simulationsthat may be performed.
Consider the consequences of disablingthe HLLE switchingfunction, sothat Roe's solveraloneis usedfor tile upwindingstageof Hancock'sscheme.The tendencyof Roe's solver to allow odd-even decoupling to occur along a planar shock wave which is aligned with the grid will, sooner or later, cause this simulation to come to grief, see Figure 11 , thus precluding the possibility of performing very detailed simulations.
By way of comparing the resolution of these two sets of results, for Figure  10 there are 560 mesh cells from the apex of the corner to the point where the Mach stem meets the wall, for Figure  11 there are only 120 cells. Figure 12 shows a Schlieren-type snapshot from this calculation, note that some 800 ceils cover the width of the diamond so this calculation is well resolved. Also, as an aside we note that the quality of these results may be gauged by comparing them with the experimental results given by Glass et al. [6] . 
